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For any algebraic number field K there is a positive number E such that if OL is 
a nonzero integer of K other than a root of unity, then at least one conjugate 
of o( has absolute value > 1 + E. It has been conjectured that l can be taken as 
Z1jn - 1, where n is the degree of K over the field of rationals. In this paper 
various conditions are discussed under which the validity of this conjecture 
can be established. 
Let Q be the field of rationals. Throughout the following, K will denote a 
finite algebraic extension of Q of degree n > 1, and 0 an integer of K of 
degree 12 over Q, so that K = Q(0). The conjugates of 0 will be denoted by 
e1 = 8, e2 ,..., 8, . If ~11 is any element of K, then [I (Y 11 will denote the maxi- 
mum of the absolute values of the conjugates of CL 
It was shown in 1857 by Kronecker that if 0 and its conjugates lie in the 
closed unit disc, then 0 must be a root of unity [2]. This result was improved 
by Schinzel and Zassenhaus in 1965, who showed that the same conclusion 
holds if the unit disc is replaced by the disc {z : I z / < 1 + c/2”), where c is 
an absolute constant [4]. The best result of this kind was given in 1971 by 
Blanksby and Montgomery in [l], who showed that the same conclusion 
holds if the unit disc is replaced by the disc {z : 1 z 1 < 1 + (30n2 log 6n)-l}. 
For certain special fields a stronger conclusion is possible. For example, 
the following result holds: 
THEOREM 1. Suppose that the automorphism induced by complex con- 
jugation is a central element of Gal(K/Q), the Galois group of K over Q. Then 
if) 8, I < 21f2, 1 ,< i < n, 6 is a root of unity. 
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Proof: Let 6 = @ - 1. Since the automorphism induced by complex 
conjugation is central, the conjugates of S are given by 
ai = eioi - 1 = 1 et 12 - 1, 1 <i<n. 
Since 1 Bi I < 21/2, we conclude that 1 ai j < 1, 1 < i < n. It follows that & 
must be zero, and thus that 1 0; 1 = 1, 1 < i < n. Kronecker’s theorem now 
implies that 8 is a root of unity, and the proof is concluded. 
Theorem 1 was proved by Robinson in [3] for the case when Gal(K/Q) is 
abelian. The theorem is also true when K is totally real, or a complex quadratic 
extension of a totally real field. 
The example 8 = 21in shows that the largest disc one could hope to attain 
in the general case is the disc {z : 1 z 1 < 2l/“}. 
We will need the following: 
DEFINITION. Put 
1 + E = 1 + C(K) = inf 11 a! Ij , 01 an integer of K, (Y # 0, CII # root of unity. 
Then E is the Kronecker constant of K. 
Since for any fixed positive N there are only finitely many integers 01 of K 
satisfying II 01 I/ < N, Kronecker’s theorem shows that every field has positive 
Kronecker constant, and that the infimum is actually a minimum. An integer 
01 of K for which 11 (Y 11 < 1 + E is either 0 or a root of unity. 
In this paper we construct a wide class of fields which have Kronecker 
constant no less than 2l/* - 1. The examples naturally are not of the type of 
Theorem 1, which may be thought of as having trivially large Kronecker 
constants. 
Bateman remarks in a private communication to the authors that it is 
probable that in some statistical sense most fields have Kronecker constant 1, 
which is the largest possible, and that this is true of all quadratic fields, 
except those generated by #j2 for d = -1, -2, -3, 2, 3, and 5, and all but 
a “small” number of cubic fields. He also points out that a field of prime 
degree p whose discriminant d satisfies 1 d 1 > 22”‘n-1) has Kronecker con- 
stant 1, since if 01 is an integer of such a field which is not in Q, then 01 must be 
of degreep and 22p(p-1) < 1 d j < d(l, a,..., @-l) < 2p(P--l) II CY Ilp(P--l), so that 
I/ 01 Ij 2 2. This is a nonvacuous class of examples, since there are infinitely 
many fields of degree p, and the number of fields with a given discriminant 
is finite, so that there are fields of degreep with arbitrarily large discriminant. 
Theorem 2 below gives a sufficient condition for K to have Kronecker 
constant no less than 2l/” - 1. The condition is in terms of factorization of 
relatively small rational primes in K. Next we show how to produce fields 
satisfying this condition. Finally, Theorem 3 shows that any field may be 
embedded in a field with Kronecker constant no less than 21/n - 1. 
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The authors wish to express their gratitude to the referee for many valuable 
comments including strengthening Theorem 2 while simplifying its proof. 
THEOREM 2. Suppose that [K : Q] = n, and suppose there exists a rational 
prime p # 2 which is unramijied in K and whose prime ideal factors in K have 
degrees L, ,..., L, . Let L = LCM (L$}. If 
(P” - 1) log Wag (p - 1) < n, (1) 
then K has Kronecker constant no less than 2l1” - 1. 
Proof. Assume the contrary, i.e., assume in the above situation there 
exists a i3 E K, ( Bi / < 2l/“, i = l,..., n, 8 # 0 and not a root of unity. 
Since / Bi ( < 21jn, 1 N(0)\ < 2 and hence 0 is a unit. Let p be the prime 
mentioned above. OK/(p), the integers of K modulo the ideal in K generated 
by p, is a finite ring. 6, the equivalence class of 6 in O,/(p), is a unit since 8 
is a unit in OK. Since OK/(p) is finite, its group of units is finite and we see 
that there is a minimal positive integer e such that & = 1. So Be = 1 + ~1, 
01 E (p). We will show that 01 = 0 and thus arrive at a contradiction, since 0 is 
not a root of unity. 
Since OK/(p) is the direct sum of fields with pLi elements (p is unramified), e 
must divide LCM(pLi - 1). But this last divides pLCM(Li) - 1, so e < 
pLCMW _ 1 = pL - 1. 
NOW CL = ee - 1, SO 01~ = Bie - 1. Also since 01 E (p), 
i.e., p < 2(pL-l)ln + I, which implies 
n < (p” - 1) log 2/log(p - I), 
contradicting (1). 
Theorem 2 provides us with a criterion for finding fields with Kronecker 
constant greater than or equal to 2 l n / - 1; we need only find fields in which 
the prime ideal factors of some small prime number have small absolute 
degree. Theorem 1 of this paper and Robinson’s result indicate that only 
nonabelian extensions of Q for which complex conjugation is not in the 
center of the Galois group are of interest. If Gal(K/Q) is isomorphic to S, , 
the symmetric group on three letters, then these conditions are met. 
Since 
28 In 2/ln 28 M 5.824 < 6, 
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Theorem 2 will be applicable to a field K with Gal(K/Q) N S, , in which 
some prime less than or equal to 29 splits fully K in. Let 
f(x) = x3 - 11x2 + 34x - 23, 
and let 01 E R be a solution off(x) = 0. Let L = Q(a) and let K be the normal 
closure of L. Since f(x) has discriminant 761, which is not the square of a 
rational integer, Gal(K/Q) = S, . It is easy to verify that 
f(x) = (x - 7)(x - 8)(x - 15) (mod 19). 
Therefore, Kummer’s theorem says that 19 splits fully in each of the three 
conjugate cubic subfields of K and hence in K, since 19 also splits fully in 
the quadratic subfield Q(761*12). Thus K has Kronecker constant not less 
than 21J6 - 1. 
Since 2l/* - 1 is a decreasing function of n, it is not surprising that for 
large n it is easy to find fields with Kronecker constant greater than or equal 
to 2rjn - 1 
This is confirmed by: 
THEOREM 3. Let K be any algebraic number$eld. Then K can be embedded 
in afield L of degree m over Q such that L has Kronecker constant greater than 
or equal to 2lf” - 1. 
Proof. Pick a rational prime p which is unramified in K. For each positive 
integer r let Q, be an extension of Q of degree at least r in which the prime p 
splits fully. For example, let ql ,..., qs be distinct rational primes congruent 
to 1 modulo p. In each of the fields Q(qf’“>, the prime p splits fully and so p 
splits fully in 
Ms = fi Q(q:‘“) = Q(q:‘“,..., q:‘2), 
i=l 
where M, has degree 2” over Q. Therefore, if we make s large enough so that 
2” 3 r, then M, can serve as Q, . 
Suppose that p splits into primes of degrees L, ,..., L, in K. Let L = 
LCM{L,} as in Theorem 2. Then p splits into primes of degrees L, ,..., L, in 
K. Q, . It is clear that [K * Qr : Q] > r. We now pick r so large that 
r 3 (pL - I) log 2/log(p - 1). 
Thus Q,. * K is the required field. 
This theorem does not provide a method of improving the Blanksby- 
Montgomery constant 1/(30n2 log 6n). For, suppose we embed K in L via 
Theorem 3. If 13 satisfies 1 13~ 1 < 1 + log 2/m we may conclude that 6 is a 
root of unity. To improve the Blanksby-Montgomery constant we would 
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want to have log 2/m 2 1/(30n2 log 6n). However, when n is large, the m 
produced by Theorem 3 grows exponentially with n. 
Theorem 2 says that a field has a large Kronecker constant if a small prime 
splits fully. While it is possible to produce such fields, it is also true that given 
any two integers r and s we can produce a field of degree r in which no prime 
of degree less than s splits fully. 
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